Totally geodesic property of the Hopf vector field.*

Yampolsky A.

Abstract

We prove that the Hopf vector field is a unique one among geodesic
unit vector fields on spheres such that the submanifold generated by the
field is totally geodesic in the unit tangent bundle with Sasaki metric.
As application, we give a new proof of stability (instability) of the Hopf
vector field with respect to volume variation using standard approach from
the theory of submanifolds and find exact boundaries for the sectional
curvature of the Hopf vector field. !

Introduction

Let (M,g) be (n + 1)-dimensional Riemannian manifold with metric g and &
a fixed unit vector field on M. Consider £ as a local mapping £ : M — T1 M.
Then the image £(M) is a submanifold in the unit tangent sphere bundle 77 M.
The Sasaki metric on the tangent bundle T'M induces the Riemannian metric
on 79 M and on {(M) as well. So, one may use the geometrical properties of
this submanifold to determine geometrical characteristics of a unit vector field.
Namely, a unit vector field ¢ is said to be minimal if £(M) is of minimal volume
with respect to the induced metric [6, 4]; € is totally geodesic if £(M) is totally
geodesic submanifold in 77 M. A complete description of totally geodesic vector
fields on 2-dimensional manifolds of constant curvature has been given in [14].
It was proved that only unit sphere (among non-flat space forms) admits totally
geodesic unit vector fields (which are non-geodesic ones). In contrast to this
case, on a 3-dimensional sphere the Hopf (and therefore, geodesic) unit vector
field is a unique one with globally minimal volume [6]. Since totally geodesic
submanifold is always minimal, it was natural to suspict that the Hopf vector
field is totally geodesic in fact. In addition, for the spheres of greater dimensions
the Hopf vector fields stays minimal but become unstable [10, 6]. Nevertheless,
something should distinguish the Hopf vector fields. And this something, as we
prove here, is their totally geodesic property. Namely, ( Theorem 2.1 )

Let & be a unit geodesic vector field on a unit sphere S+, Then & is totally
geodesic vector field if and only if n = 2m and € is a Hopf vector field.?

Using this result we give another proof of stability or instability of the Hopf
vector fields with respect to volume functional (cf. [5])using a standard formula

*Acta Math. Hungar. 101, 1-2 (2003), 73-92.

! Keywords and phrases: Sasaki metric, vector field, totally geodesic submanifolds.
AMS subject class: Primary 54C40,14E20; Secondary 46E25, 20C20

2The result is true with one additional condition (see below)



for the second volume variation from the theory of the submanifolds ( Theorems
3.1 and 3.2).

The Hopf vector field on S>™*! is stable for m = 1 and unstable for m > 1.

We also find an exact boundaries for the sectional cutvature of this field
( Theorem 4.1 ).

Sectional curvature of £(S*™1) wvaries between i and %. Minimal bound
the curvature achieves on &-tangential lift (3) of &-section and mazimal on -
tangential lift of p-section in terms of contact metric geometry.

1 Some preliminaries

Let (M, g) be (n+ 1)-dimensional Riemannian manifold with metric g. Denote
by <~, > a scalar product with respect to g and by V the Levi-Civita connection
on M.

The Sasaki metric on TM is defined by the following scalar product: if
X,Y € TTM, then

(X,7)) = (r.X,m.7) + (KX, KY) (1)

where 7w, : TTM — TM is a differential of projection # : TM — M and
K :TTM — TM is the connection map.

Let € be a unit vector field on M. A vector field X € TTM is tangent to
&(M) if and only if [12]

X = (mX)"+(V, 9",

where (-)* and (-)” mean horizontal and vertical lifts of fields into the tangent
bundle.

It is well known that &V is a unit normal vector field on T7 M. Let X be
tangent to M, then

Xt = X"~ <X7£>£v7
is always tangent to T3 M and is called the tangential lift of X [1]. It is easy to
see that
((X5Y5) = (X,7) = (X, (V. €).

Introduce, now, a notion of £-tangential and &-normal lifts with respect to given
field €. We proceed in the following way.

Introduce a shape operator A for the field £ by

AeX = —Vy€,

where X is arbitrary vector field on M.
Define a conjugate shape operator A; by

(AFX,Y) = (X, AgY). (2)

Let X,Y be the vector fields on M. Define {-tangential lift X and {-normal
lift Yy of X and Y respectively by

X =X"—(AcX)!, V¢ =(AY) +Y" (3)



Then, X{ is evidently tangent to § (M). Moreover,

((XEYE)) = (X" (AY)h)) = (((AeX)" Y1) =
(XLAZY ) — (AeX,Y) + (A X €)(Y.6) = (AcX,Y) — (AcXY) =0

and therefore the linear space of all £&-normal lifts coincides with the normal
space of £(M) at each point.

To construct a natural tangent and normal orthonormal frames for £(M),
one can use a singular decomposition of the shape operator A¢, based on the
following linear algebra result ( [9], Theorem 7.3.5 and Exercise 7.3.5) which we
present here in a slightly modified form.

Theorem 1.1 A matriz A € My, ,, of rank k may be represented in the form
A=FYE",

where F' € M, and E € M, are unitary matrices.

The matriz ¥ = [0;;] € My, is such that ;5 = 0,1 # j, 011 > 022 >
S > Opk > Okl k4l = -0 = 0gqg = 0, ¢ = min{m, n}. The values {o;;} = {\i}
are non-negative square roots of eigenvalues of the matriz AA* and hence are
uniquely defined. The columns of the matriz F' are the eigenvectors of the matrix
AA* and the columns of the matrix E are the eigenvalues of the matriz A*A.
Moreover, A* f; = N\je; and Ae; = N\ f; fori=1,... k. If the matriz A is real,
then F,Y and E can be real.

The columns of the matrices F' and E are called respectively left and right
singular vectors of matrix A. The values \; are called singular values of the
matrix A.

Set A = A¢ and apply Theorem 1.1. Since Az{ = 0 for any unit vector field
& , there exist an orthonormal local frames eg, e1,...,e, and fo =&, f1,..., fn
on M such that

Afe():O, Aﬁea:Aafom AZfOZOa Azfa:)\aeaa a=1...,n,

where A\ > XAy > ...\, > 0 are the real-valued functions.

It is natural to call the functions \; (i = 1,...,n) the singular principal
curvatures of the field £ with respect to chosen singular frame. Remark, that
if necessary one may use the signed singular values fixing the directions of the
vectors of the singular frame. Setting Ay = 0, we may rewrite the relations on
singular frames in a unified form

Agei :Aifia AZ fi = Aieiv i:O71a"'7na
(4)
Ao =0, Asenis Ay > 0.

The following lemma is easy to prove using (2) and (4).

Lemma 1.1 [12] At each point of E(M) C TM the orthonormal frames

- 1 h .
= —— (= NfY),  i=0,1,....n,
A
) . (5)
Mgl = ——=(Aoeg + fy ), 0=1,....n
| 1+/\2( fs)

g



form the orthonormal frames in the tangent space of (M) and in the normal
space of (M) respectively.

Set
(VxAe)Y = Vx(AY) — A VY.

If we introduce a half tensor of Riemannian curvature as
(X, YY) =VxVyE—Vy,vé, (6)

we can easily see that
~(VxAgY =r(X.Y)E. (7)

Now, we are able to formulate a basic lemma for our considerations.

Lemma 1.2 [12] The components of second fundamental form of (M) C Ty M
with respect to the frame (5) are given by

Qo\ij = %Aaij{@ﬁ(ehe]’)g+r(ej7ei)§7fa>+
>\<7 [)\j<R(eowei)§7 f7> + )\i<R(eaa ej)fv fzﬂ }7
where Ngiy = [(1+A2)(1+ X)L+ A2 (i,j=0,1,...,n;0=1,...,n).

Remark. We say that the given unit vector field is holonomic if £ is a field
of unit normals for a family of hypersurfaces in M and non-holonomic otherwise.
If the integral trajectories of £ are geodesics in M then £ is called geodesic vector
field. Evidently, in the case of holonomic geodesic unit vector field, A¢ becomes
a usual shape operator for each hypersurface. In this case A¢ is self-adjoint
(symmetric), i.e.

<A5X,Y> = <X7 A§Y> and thus Ay = A¢

with respect to some orthonormal frame. Let R(X,Y)¢ = [Vx,Vy|{—V(x v &
be a curvature tensor of M. The non-holonomic shape operator satisfies the
non-holonomic Codazzi equation

R(X,Y)E = (VyAg )X — (VxAg)Y =r(X,Y)E —r(Y, X)¢E. (8)

These facts justify the terminology for the operator A¢ and the tensor r.

2 Proof of the main result.

In this section we will prove of the following theorem.

Theorem 2.1 Let & be a unit geodesic vector field on a unit sphere S+, Then
& is totally geodesic vector field if and only if n = 2m and & is a Hopf vector
field®.

3The nesessary part of the result is true if the vector field satisfies a condition of covarian
normality, that is AgAE = AEAE'



Sufficient part of the proof.

The sufficiency is a consequence of more general considerations involving the
properties of Killing and Sasakian structure vector fields. Remind that the Hopf
vector field is both Killing and Sasakian structure characteristic vector field.

We begin with Killing vector fields. Let M be (n+1)-dimensional a Rieman-
nian manifold admitting a Killing vector field £. Then A¢ is skew-symmetric

<A§X,Y> = —<AX7 A§Y> and thus Az = —Ag (9)

with respect to some orthonormal frame.

The field £ is necessarily geodesic and evidently A¢¢ = 0. For the singular
frames we have ey = fy = € and e,, fo € & for all @ = 1,...,n. Moreover, set
2m = rank A¢. There exists an orthonormal frame

€0 =&, €1,y €my Cmtly---s€2my E2mtly---, N
such that
A eq = Aalmta, Afmia = —Aaq fora=1,...,m
Aceg =0, Ageq =0 fora=2m+1,...,n. (10)

From the definition of the singular frame (4), we see that one may set

foa=¢€mia, fmia=—€s fora=1,....m
(11)

fo=-¢eo, fa=eéa fora=2m+1,...,n.

A unit vector field £ is called normal if <R(X, Y)Z,§> = 0 and strongly
normal if ((VxA)Y,Z) =0 for all X,Y,Z € &+ [7]. It is evident that each
strongly normal vector field is always normal. If £ is a unit Killing vector field
the converse is also true.

Now we can essentially simplify the result of Lemma 1.2.

Lemma 2.1 Let ¢ be a Killing vector field on a Riemannian manifold M™+!.
Suppose that rank A = 2m. Denote eq (o = 1,...,n) a singular frame for
the field & satisfying (10) and (11). If € is (strongly) normal then the non-zero
components of a second fundamental form of E(M) C Ty M are given by

- - 1K,(1- K,)

Qo\m+00:*9m+a\00:§ 11K oc=1,...,m,
[ea

where K, are the sectional curvatures of M™ ! along the planes £ A eq.

Proof. Since ¢ is a Killing vector field then [4]

ATAX = R(X.€)¢ (12)
and hence, the right singular vectors for Killing vector field are the Jacobi fields
along &- geodesics. Let eq,...,e, be an orthonormal frame of Jacobi fields.
Then

R(eaﬂé-)g = Kaea o = 17...,n7

where K, are the sectional curvatures of M along & A e, planes.



On the other hand, by definition of singular vectors
AZAgea = )\iea.

Thus K, = A2 > 0.
Any Killing vector field £ satisfies

r(X,Y)e ™

—(VxAg)Y = R(X,{)Y. (13)
Therefore, Qyj00 = (r(eo, €0)&, f») = 0. Next, from the relation
)\a<eaafa> = <607A§6a> = —<A§66,€a> = _)\o<fovea>

we find )\O)\J<eg, fa> = —)\3 <fg, ea> and therefore

Opja0 = e { r(€as €0)E + (€0, €a)E, o) + AoAal R (eg,eo)g,fa>} -
e { R(ea, )&, f2) + AoAa(R(es, € §fa>}:
1A, 0{)\ €ar ) + X3 No <eg,fa>}:
Lrao{ N2 (ear fr) = Meas 1) } =

Ju—

A2 Xt
2 JA2)(1+A2) <e‘*’ f“>'

Taking into account (11), we get

Qa|m+00:*0m+g|00:%% c=1,....m (14)
Since ¢ is strongly normal,
r(ease3)é ~ &, Rleq,ep) =0
for all a, 8 = 1,...,n. Therefore for the remain components we have Qg‘ag =0.

One of the most important examples of Killing vector fields is a characteristic
vector field of Sasakian structure. Using Lemma 2.1 we can prove the following.

Lemma 2.2 Let M?>™*! be Sasakian manifold and & be a characteristic vector
field. Then E(M) is totally geodesic in Ty M.

Proof. Let M?™*! be an odd dimensional manifold admitting a unit vector
field &, linear operator ¢ and 1-form 7 such that

P’X =-X+n(X)E, @t=0, n(eX)=0, n¢) =1

for any vector field X on M. A triple (p,&,n) is called an almost contact
structure on M and the manifold is called an almost contact manifold.
If the almost contact manifold is Riemannian with metric g(-,-) = <~, > and



for any vector fields X and Y on M then a tetrad (¢, &,n, g) is called an almost
contact metric structure and the manifold is called an almost contact metric
manifold. The almost contact metric structure is said to be contactif dn(X,Y) =
<50X,Y> for all X,Y.

The vector field £ is called characteristic vector field of almost contact metric
structure. This field is always geodesic. If, in addition, £ is a Killing vector field,
then the almost contact metric manifold is called K-contact. If, moreover, the
Riemannian curvature tensor R satisfies

R(X,Y)&=(&,Y)X — (¢, X)Y. (15)

for all vector fields X, Y on M, then the K-contact manifold is called Sasakian.
In Sasakian manifold

Vxé=eX, (Vxp)Y =({Y)X —(X,Y )¢ =R(X,£)Y. (16)

The property (15) implies that the sectional curvature of M along the planes
involving characteristic vector field ¢ is equal to 1 and £ is a normal unit vector
field while (16) means that £ is strongly normal. So, we may apply Lemma 2.1
and immediately get 5,3 = 0.

[

Now the sufficient part of the Theorem 2.1 follows immediately from Lemma
2.2. Remark, that for the 3-dimensional manifold the we can prove a stronger
result.

Theorem 2.2 Let & be a unit Killing vector field on 3-dimensional Riemannian
manifold M3. If £(M3) is totally geodesic in Ty M3 then M3 is either Sasakian
and & is the characteristic vector field or M3 = M? x E' metrically and ¢ is the
unit vector field of Fuclidean factor.

Proof. Indeed, (14) is true for any unit Killing vector field. If £(M?3) is totally
geodesic, then there exist a Jacobi frame ej,es in &€+ such that the sectional
curvatures Kepe, = Kepe, = K and K satisfies K(1 — K) = 0. Since e; and
eo are Jacobi fields along &-geodesics, <R(61, €)E, €2> = 0 and therefore, for any
unit X in €1 it is easy to find that K, ¢ax = K. Thus, all the sectional curvatures
along 2-planes involving ¢ is equal either 0 or 1. The first case means that £ is a
parallel vector field on M?3. So, M3 = M? x E! metrically and ¢ is a unit vector
field of Euclidean factor. The second case means that M? is K-contact which
means in dimension 3 that M3 is Sasakian and ¢ is the characteristic vector
field.
[

The necessary part of the proof. Suppose now that £ is geodesic vector
field generating a totally geodesic submanifold in T3 S™+!.
Since ¢ is geodesic vector field,

r(€a, )6 = Ve, Vel — Vv, e = —Afea.
Since the manifold is of constant curvature 1,

r(€,€a)é = R(€,€a) + 7(eq, §) = —eq — Alea,
oo (R(eo, )6, fa) = Nado(far o) = (Aeea, At fo) = (AZea, [o).



So we have

Qoia0 = $Aca0 {~2 (4260, fo) = (€a fo) + (AZea, ) } =
—3Asa0(AZen + €a, fo)-
If € is a totally geodesic vector field, then
(Afea +€a, fo) =0
for all a,0 = 1,...,n. This means that
Afeq+eq =0

for all @ and therefore each e, is the eigenvector for the operator A? correspond-
ing to a common eigenvalue —1. Since A¢ is a real operator, its eigenvalues are
+i. In this case, with respect to some orthonormal frame, the matrix of Ag|c.
takes a box-diagonal form with boxes of type*

0 =1
F1 0 /°

This means that A¢ +Az = 0 and therefore, ¢ is a Killing vector field on a sphere.
Evidently, the dimension has to be be odd and the field has to be Hopf’s one.
The proof is complete.

Remark. The Hopf vector field is totally geodesic on the unit sphere only.
If S?™F1(r) is a sphere of radius r, then ¢ is not Sasakian structure vector field
but still unit Killing normal vector field satisfying K, = % and therefore

Qo|00 =0, Qs =0,

- 1 1 1
Qo|m+00 = _Qm+0'|0'0 =

W 72(1 - 72) (, 8,0 =1,...,m).
Thus, if r # 1 then £ does not generate a totally geodesic submanifold. Never-
theless, it stays minimal.

3 Stability of the Hopf vector field.

3.1 General formula and preparations.

Let M™ be a submanifold in a Riemannian space R™. Denote by V* a covariant
derivative in normal bundle connection. Let e; (i = 1,...,7n) be an orthonormal
frame on M"™ and 1 be a normal variation field along M™. Denote by k;(n)
an i-th principal normal curvature of M™ with respect to 1 and K(e;, ) the
sectional curvature of R™ along a plane e; An. Then the volume second variation
of M™ with respect to n is given by [3]

82Vol(n) =
n n 17
/{Z(Vén,veﬁn}—n?(— > ki(n)kj(n)JrZK(ei,n))}dV- ()
apn L=t i,j;i#] i=1

4With additional condition of covariant normality (see the footnote on page 4)



To apply the formula (17) to our case we should find the normal bundle
connection for the submanifold &(S?™+1) c Ty S2m+L,

Lemma 3.1 Let X andY be arbitrary vector fields on S"™! (n = 2m). Denote
Yyt=Y - <§,Y>§. Then, with respect to the Hopf unit vector field &,

_ 1
1\¥ 1\¥
ngyiy = (VXY )g - §<§’X>(AEY )57
where V means a covariant derivative with respect to the Levi-Civita connection
on T1S™.

Proof. With respect to the Levi-Civita connection V on Ty M we have [1]

thh (VxY)h — (R(X7Y)§)t, ?XhYt:(VXY)t—k%(R(f,Y)X)h,
1

1
2
)",

N _
VytY" = 5 (R(E, VY = —(¥,)X".
Using this formulas, we get

W, [ 2 v * h W, W, * h W,

(a0 =
{VX(AJ) + %R(E,Y)X - ;R(g,AgX)AzY] +
t
{VXY - %R(X, AFY)E+ (Y, §>A5X} .
Since ¢ is a Killing vector field, (9) and (13) are fulfilled and we have
= [~(VxA)Y — Ae(VxY) + LR, V)X + LR(E, AcX)AcY]" +
(VY + LR(X A )E + (V. ) AcX] =
[R(X,&)Y + LR(&,Y)X + LR(¢, A X)AcY]" +
[3R(X, AcY)E+ (Y, €>A5X] + (VxY){.

VxzYe

Since R is a curvature tensor of a unit sphere and keeping in mind (9) and (12),
we continue

Vxr¥e =[EY)X -3 (X Y)E - 3(E X)Y + L{AeX, A )E]" +
—3{(EX)AY + (€ V) AX]' + (VXY )y =

(EY)X = 3(X,Y)E - 3(& X)Y + 3(X,Y)E~

e XNEY)E" + [~ 16 X)AY + (6, Y ) AX]" + (VxY); =
§

V)X~ (6.X)6) — 56 X)(Y — (€1)9)]" +

l\')\»—t
7~

£, X)VAY + (€, Y)AcX]" + (VxY)Y =

[

[~

[<§,Y>(AZA5X) — $<£,X>(AEAEY)};L N
[~3(6X)AeY + (6.Y)AeX]) + (VxY)g =

(VxY)g+ (6 Y)(AeX)g = 5(¢ X) (AeY )



Consider, now, (VX Y+ )g

(VxYh)g = [Arvayt]" + [Vavt] =
v~ ()] 4 (95 - (e v)0)) =
457Xy + (&, Y}A Agx} +[VaY + (6 Y)A:x] =
(VxY)¢ + (6, Y)(4eX),.

Since A¢ € = 0, we see that A¢Y = A¢Y+ . Comparing the results, we get
VxrYe = (VXY <€ X)(AeY )y

what was claimed.
n

Remark. As we see, the tangent component of the latter derivative is zero,
which gives another proof of totally geodesic property of the Hopf vector field.

Since Yy = (Yl)g , we may consider only the vectors from &= in all £&-normal
lifting operations. So, keep this in mind in what follows.

Corollary 3.1 Let V+ denote a covariant derivative in normal bundle of £(M).
If € is a Hopf vector field on the unit sphere S (n = 2m) then

?j(gyg = (VxY)¢ %<§,X>(A§Y)g = —{&X)Y" 4 2(VxY),  (18)

for any X and Y € £+
Proof. Indeed, if ¢ is a Hopf vector field for any Y, Z we have
(Y8280 = (Y, 4:2) + (Y. 2) — (6,206 Y) =
Y, Z) —2(, Z){&,Y).

Let Y, Z € £€-. Then by Lemma 3.1 and (9)
(Vxre, 28)) = ({(VxY)g = 5(& X)(AeY ), 2Z¢)) =
2VxY = 3(6X)AeY, Z) = 2(Vx Y, )(¢, Z) =
2AVxY —(VxY,6)EZ) 4+ (£, X )Y, A Z) =
((2(VxY)", 2%) = (({& XY, =(Ae2)"))
(= (&X)Yh+2(VxY) (A Z)" + Z%)) =
((=(&X)Yr+2(VxY)', Z¢)).

Since Z is arbitrary, we get the result.

10



3.2 Second variation of the volume for the Hopf vector
field.

Let & be a given unit vector field on M"*!. Then the vector field 7 = (77)2’
can be considered as a field of volume variation for the submanifold &(M™*1),
where 7 is an arbitrary vector field in é+. For the case of the Hopf vector field
on S™*! (n = 2m), we may choose

1 ed fori=0,
& = (e:)g = (19)
' ||(31)g|| Ve %(GZ—FJC&) fora=1,...,n,
where eg,e',... en, fo, f1,..., fn form the singular bases for the A¢- operator,

as an orthonormal tangent frame of £(S™*1). Since £(S™*1) is totally geodesic,
the Duschek formula (17) obtains the form

=0 =0

6°Vol(i)) = / {Z IVl =7 Zf((éi,ﬁ)}dv, (20)
Sn+1

where ?é is given by (18) and K is given by [2]

K(X,Y) = (R(X1,Y1)Y1,X1) — 3| R(X,, Y1) [+
LR Y%+ RE X[ PG - (Ko e
3(R(X1,Y1)Ya, X5) — (R(€, X2) X1, R(€, Ya) Y2 )+

<(VX1R)(§7Y2>Y17X1> + <(VY1R)(§7X2)X17Y1>7

for an orthonormal basis X = X! + X2 | Y = Y + VY ( Xp, Yo € €1) of a
2-plane tangent to 77571,

Lemma 3.2 Let & be the Hopf vector field on S™* (n = 2m). Let n € &+
generates a normal volume variation ] = (n)¢ for the submanifold E(Smth) C
T1(S™M). Let eg = &,e1,. .., e, is a right singular frame for the operator Ag.
Then, the Duschek formula (17) can be reduced to the form

. " 2n —1
§*Vol(i) = / {4|Veo77 * +2 Z Veunl” - — n |2}dV7 (22)
Sn+1

a=1

Proof. Denote V* the normal bundle connection for £(S™*1). Prove, first,
that

Y IVEill=4Veqn* +2 " [Veun|* = n]*.
=0 a=1
Applying (18) and keeping in mind (19), we find

Vi =—m"+2(Veyn)'
Vi i =V2(Ve,n)

[0

11



Therefore

SOIVEil = InfP+4IVen ? +250 (IVeqnl = (Veun,€)°) =
=0

12+ 41Veqn |2 + 250, (Veanl? = (1. Vea8)’) =

2
N2 +4|Veen* +2X 0 [Vean > =230y (0, fa)” =
1> +4|Veon ? +23 0 Ve nl? —2(n]? =
4 \Veoﬁ |2 + 222:1 |V6a77 |2 - |77 |2

and the proof is complete.
Now prove that

P |
||n||2ZK(em):§Inl2+(n*2)lnlz~
1=0

The sectional curvature of TyM™ is given by (21) in presumption that X and
Y are orthonormal. To find ||77 |2k (é;,7) we can use (21) setting Y = 7 and
keeping in mind that 7j is of arbitrary length.

Now set ¢ = A¢n and then 7 = ¢ + n'. Evidently,

<777C> =0, <777£> = <Ca€> =0, |77| = |<| (23)

Set X = éy = el and Y = ¢ + 5. Then

||ﬁ ||2K(507ﬁ) = <R(60,C)C,€0> - Z | R(SOaC)E |2 + i ’R(€7n)60 |2 =
3 1 1
|<|2_1|C|2+Z|77|2 = §|77|2

To find K(é4,7) for a =1,...,n we set X = %(eg + f!) and therefore

1
V2

1
Xl = EBO” XQ =

in application of (21). Thus we have

me Yl:Ca YQ:U

712K Far) = 5 (Rleas G, €a) — o | Rea, Q€[+
S B men+ RE S + Slnl? = 3 (fan)+
S (Rl QO fa) = 5 (RIE fadea, RIEN)C).

Now set n* = <17,fa>. Then (¢ = <C,€a> = —<77, fa> = —n“. Keeping in mind
(23) we get

e~ 1 1 1 2 1
||77||2K(€a>77): §|77|2_5(77a)2+§’<€a>77>+<faa<>’ +§|77|2_
2

T2 =3{ea,n){far () =In>— ) = (n,ea)".

12



It is also easy to see that

n

ST =Y (nea) = n

a=1 a=1

Hence we have
771> <K(eo,n) + ZK(eam)> =P+ =2
a=0

Combining the results we get what was claimed.

Proposition 3.1 The Hopf vector field on the unit 3-sphere is stable.

Proof. Since the subspace of right (and left) singular frames for the Hopf
vector field coincides with £+, we may choose the other two Hopf vector fields
on S3 as e; and es. Then

Vee1 =0, Veez = —eg,
v€2€1 = €g, v62€2 =0.

Set n = nter +nez. Set |gradn®|? = (e21(77a))2 + (e2(n®))
using (24) we find

(o =1,2). Then,

2

> IVeunl? = lgradn® +|n .

a=1 a=1

Therefore,

_ - w1
82Vol(n) = / {4v60n ?+2) " |gradn®|* + 3 2}dv >0
gnt1

a=1

which means that £(S?) is stable.

Proposition 3.2 The Hopf vector field on the unit n-sphere forn =2m+1 > 3
is unstable.

Proof. Choose the vectors of the singular frame such that ey = £ while the
other eq,...,eq, are the horizontal lifts of vectors of orthonormal frame g of

CP™ with respect to the Hopf fibration S2m+t! RN CP™. Then V,,q; = 0 and
Jgok = qok+1 (k,j = 1,...,m) for complex structure of CP™ (see [8]). Then
along the fiber, i.e. along the integral curves of ey = &, the following table of
non-zero covariant derivatives can be achieved [8, 10].

Veo€2r = €2p—1, Veo€ar—1 = —€2k,
vezkeo = €2k—1, v62k7160 = —€2
Vesn 162k = €0, Ve, €25-1 = —€0,
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where K =1,...,m.
Let n = n%~leg,_1 + n%*eqx be a variation field. Then, using a table of
derivatives, we find

Veo 1= (oY) +n2%) eap—1 + (eo(n?*) — 02 1) eap—1

Ves 10 =e2_1(n** 1) eap_1 + ea—1(n?*) ear + st n?* e
Ve, = €2t(n?* 1) eap_1 + €2 (n?*) ear, — ke 2 e,
where dy; is the Kronecker symbol.
Set .
o (e 2
lgradn > = [ea(n®)]”.
a=1
Then . .
> IVeun P = lgradn?|? + [n|?
a=1 o=1
and .
_1n2 _ 2
Veon 2 = 3 [(eo(n™) = n 1) + (o) +0)?].
k=1

To prove the instability, we should find variation field 7 providing a negative
sign for the second volume variation. So, choose

1 = costes—1 + sinteqy,
where ¢ is an arc-length parameter on eg-curves. Then
Ve =0, gradn? =0

and for the integrand in the Duscheck formula (22) we have

<0

5—2n, o
51l

for n > 2, which completes the proof.

4  Sectional curvature of the Hopf vector field.

Since the Hopf vector field is totally geodesic in 778", the sectional curva-
ture of £(S™T!) is completely defined by the curvature of T75™*! along the
planes, tangent to £(S™"T!). We can easily find it applying (3) and (21) to the
Hopf vector field. Remind that the Hopf vector field is a characteristic one for
the contact metric structure on the spheres. In contact metric geometry, the
sections, containing characteristic vector field, are called £-sections, while the
sections of type X A pX for X € &+ are called p-sections. Using the notion of
&-tangential lift (3), for any X € ¢4 we call a 2-plane XIN(6)f as a &-tangential
lift of &-section and a 2-plane X7 A (VXE)Z, as a -tangential lift of ¢-section.
The following assertion holds.

14



Theorem 4.1 The sectional curvature of £(S*™*1) for the Hopf vector field

varies between i and g. The curvature is minimal for £-tangential lift of &-

section and mazximal for &-tangential lift of p-section

The proof is elementary consequence of the Proposition below. It should be
mentioned that the curvature of 77 S™T! varies between 0 and 5/4 [13]. The
theorem clarifies geometrical meaning of the maximal curvature. The mini-
mal curvature is, geometrically, the £-sectional curvature of natural Sasakian
structure on Ty.S™*! (which,as well known, equals to 1/4 after rescaling).

Proposition 4.1 Let & be the Hopf vector field on S™*t (n = 2m). Let X7, Y
be &-tangential lifts of orthonormal vectors X and Y respectively. The sectional
curvature K (X7, Y) of £(S™T1Y) along the 2-plane (X¢, Y{) is given by

12 e x) ey ] + 2 (A’
K(X{,Y) =

2-[(&.X)" +(6Y)"]

Proof. Let X and Y be unit mutually orthogonal vector fields on S™*1!.
Then X7 = X" — (A¢X)" and Y7 = Y" — (A¢Y)" form a basis of elementary
2-plane, tangent to £(S™*1). This basis is not orthonormal, since

IXZ1? = X% + |AeX]? = 2 - (£, X)",
Y712 = Y2+ [AeY]? =2 - (€,Y)",
(XEYT)) = (X,Y) + (AeX, AcY) = —(£, X)(&,Y).
Therefore, the norm of bivector X7 A Y{ is
IXEAYT | =4—-2(6X) —2(,Y)". (25)
Now set X; = X, Y1 =Y, Xy = A¢X, Yo = A¢Y and apply (21). We have
(R(X1,V1)Y1,X1) =1,
| RO, VE = [(6Y) X = (& X) Y[ = (&, V) + (& V),
| R(&,Y2) X1 + R(&, Xo)Y1|” = [(AeY, X)E — (£, X)AcY +
(AeX, YV — (6, YV)AX|? = (&, X)?|AcY 2 + (6, V)| A X |2+
2(& X )& YN AX, AeY) = (&, X) (1= (& Y) ) + (& V) (1 - (& X))~
2(6X)(6Y) = (€ X)° + (& Y) —4(e X) (& Y)Y,
[ Xa2|Val? = (X5, V2)” = |AcXP|AcY? — (AcX, AcY) =
(1= (&X) )1 = (&Y)") = (& X) (e V) =1- (£ X)" = (& Y)",
(R(X1,Y1)Ys, Xz) = (= (AeV, X) Y, AgX) = (AeX.Y)",

(R(E X2)X1, R(E YY) = ((§,X) AeX, (€Y ) AeY) = (6, X)*(6,)".

| 2
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Substituting the latter equalities into (21) and dividing the result by (25), we

get
3 3
e e+ Ay
K(X{ YY) = 2 2
2-[(&X) +(&Y)]
[
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