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Abstract

We consider the problem on stability or instability of unit vector fields on
three-dimensional Lie groups with left-invariant metric which have totally geodesic
image in the unit tangent bundle with the Sasaki metric with respect to classical
variations of volume. We prove that among non-flat groups only SO(3) of constant
curvature +1 admits stable totally geodesic submanifolds of this kind. Restricting
the variations to left-invariant (i.e., equidistant) ones, we give a complete list of
groups which admit stable/unstable unit vector fields with totally geodesic image.

Introduction

Let (M, g) be the Riemannian manifold and £ be a unit tangent vector field on M. Then
¢ can be considered as a local or global (if exists) immersion £ : M — Ty M into the
unit tangent bundle. The Sasaki metric g on T'M gives rise to the metric on T1 M and
hence on {(M). In this way (£(M),g) gets definite intrinsic and extrinsic geometry.
Particularly, a unit vector field is said to be minimal or totally geodesic if {(M) is
a minimal or totally geodesic submanifold in (77 M, g). From the variation theory
viewpoint, a minimal unit vector field is a stationary point of the first local normal
variation of the volume functional of £(M). In other words, & is minimal unit vector
field if the mean curvature vector of (M) C (T1 M, g) vanishes; & is totally geodesic
unit vector field if all the second fundamental forms of (M) C (T4 M, g) vanish. We
refer to this kind of minimality as the classical.

A different type of volume variations and hence the minimality for a given unit
vector field was proposed in [12] and developed in [9, 10]. Denote by X!(M) a space
of all smooth unit vector fields on M. The variation of £ within X!(M) gives rise to
variation of £(M) and hence the volume functional Volg : X1(M) — R. We call this
type of variations by the field variations. A unit vector field £ was called minimal, if
£ is a stationary point of the latter functional. It was proved that this definition of
minimality is equivalent to the classical one, i.e. minimal unit vector field gives rise to
minimal immersion £ : M — T7 M. The minimality condition in a meaning of [10] was
expressed in terms of a special 1-form. There was constructed a number of examples
of minimal unit vector fields by using this 1-form [3, 4, 5, 13, 14, 8] (the list is not
complete). In the case of three-dimensional Lie group G with the left-invariant metric,
K. Tsukada and L. Vanhecke manage to find a list of all minimal left-invariant unit



vector fields [17]. It was proved that each minimal left-invariant unit vector field on
three-dimensional unimodular Lie group is an eigenvector of the Ricci operator.

Prof. Borisenko A. (Sumy State University, Ukraine) was the first who asked on unit
vector fields with totally geodesic image in the unit tangent bundle of Riemannian man-
ifold. The author solved the problem in two-dimensional case [19] and have extracted
the subclass of totally geodesic fields on three-dimensional Lie groups by equalizing
to zero the whole second fundamental form [21]. As a result, it was proved that each
totally geodesic left-invariant unit vector field on three-dimensional unimodular Lie
group is the unit eigenvector of the Ricci operator of G with the eigenvalue 2, if exists.

The second variation formula for the {(M)-volume functional with respect to the
field variation was obtained in [11] and is very complicated to handle with. That is why
only little number of results concerning stability /instability are known. Particularly, a
minimal unit vector field on 2-dimensional Riemannian manifold is always stable with
respect to the field variations [11]. In application to the Hopf vector field on the unit
3-sphere it was also proved that it is minimal and stable [11]. Remark that the Hopf
vector field is totally geodesic one as well as the unit characteristic vector field of the
Sasakian structure [18].

On the other hand, there is a well-known formula for the second variation of vol-
ume [16] which allows to check stability/instability of minimal submanifold in the Rie-
mannian space with respect to local (or global, if admissible) normal variations of
the submanifold. We refer to this kind of stability as classical. This kind of stabil-
ity /instability is different from the one considered in [11] because the normal variation
of the (M) gives rise to the wider class of the field variations. Namely, the variation
field can be non-orthogonal to &.

In some cases the normal variation of the minimal submanifold £(M) C T1M is
probably equivalent to the field variation of minimal unit vector field. The case of
totally geodesic left-invariant unit vector field on the three-dimensional Lie group with
the left-invariant metric gives a corresponding example. In [14] the authors tried to
check stability /instability of left-invariant unit vector fields from Tsukada-Vanhecke list
[17]. They have constructed the left-invariant variations of minimal unit left-invariant
vector field on compact quotient of unimodular three-dimensional Lie groups which
produce instability with respect to the field variations.

In this paper we check the list of all totally geodesic left-invariant unit vector fields
on three-dimensional Lie group G with the left-invariant metric and give stability or
instability conditions for them with respect to classical normal variations of domains in
&(G) C T1G. In the case of unimodular groups we conduct a complete proof for their
compact quotients for the sake of simplicity.

The main result (Theorem 2.2) says that only SO(3) of constant curvature +1
admits classically stable totally geodesic left-invariant unit vector field. We also give a
list of left invariant fotally geodesic unit vector fields on unimodular three-dimensional
Lie groups with the left-invariant metric which are stable/unstable with respect to
classical left-invariant variations (Theorem 2.4).

Acknowledgement: the author thanks prof. Vladimir Rovensky (Haifa Univer-
sity, Israel) for hospitality during the 2-nd International Workshop on Geometry and
Symbolic Computations (Haifa, May 15 — 20, 2013) and the MAPLE developers for the
perfect tool in complicated calculations.



1 Preliminaries.

The definition of the Sasaki metric is based on the bundle projection differential 7, :
TTM — TM and the connection map K : TTM — TM [7]. For any X,Y € T(, 0T M,
we have

J(X,Y) = g(mX,mY) + g(KX,KY).

By definition, the vertical distribution V, ¢) = ker 7, and the horizontal one H, ¢) =
ker IC. Then T(, TM = V(4¢)®H(4,¢) and the horizontal and vertical distributions are
mutually orthogonal with respect to g.

The horizontal and vertical lifts of a vector field X on the base are defined as the
unique vector fields X" and X? on TM such that

X=X, mXv=0,
KXh=0, KX"=X.

The h- and v- lifts of the tangent frame on M form the lifted frame on T'M. As concerns
the unit tangent bundle, the lifted frame on T1 M at (¢,&) € T1 M is formed by h- lift
and the tangential lift 2] of the frame on M. The latter is defined by

X = XU — g(X, €)&".

Evidently, X" = X" for all X from the orthogonal complement of the ”vector part”
of a point (q,§). We use this fact without special comments.

Denote by X(M) the Lie algebra of smooth vector fields on M and by X1 (M) the
orthogonal complement of a unit vector field £ in X(M). If € is a unit vector field on
M, then it can be considered as a mapping £ : M — T1M. Then its differential &,
sends a vector field X € X(M) into TE{(M) by [20]

EX = X"+ (Vx&)' = XP 4+ (Vx€)",

where V means the Riemannian connection of (M, g).
In what follows we use the notion of the Nomizu operator A¢ : X(M) — X1 (M)
given by
AeX = -Vx¢&.

Denote by Aé a conjugate Nomizu operator defined by g(A4¢X,Y) = g(X, AEY). Then
one can define the tangent &, : X(M) — T¢(M) and the normal v : X(M) — T+E(M)
mappings by

E(X) = XM — (AgX)tm = XM — (A X)Y,

v(Y) = (ALY)" + yten, W)

Then there are local orthonormal frames (e1, ..., e,) € X(M) and (f1,..., fa—1) € XeL
such that
Ace; = 0ifi,  Agfi = oiei,

where o; > 0 are the singular values of the linear operator A¢. In fact, e; are the
eigenvectors of the symmetric linear operator AgAg and its eigenvalues are the squares
of the singular values.



By dimension reasons, there is at least local unit vector field ey such that Aceq = 0.
Then

o (2)

form the tangent and normal framing over (M) C T1M. We call this framing the
singular one. If  is a geodesic unit vector field, i.e. A¢§ = 0, then one can always put
5 h
én =E&".

Let 7 = 44

lv(2)] °
a compact closeur. Denote by N = wn a local normal variation vector field, where
w: F'— R is a smooth function such that w|yz = 0. Suppose {(M) is minimal. Then
the formula for second variation of the volume in application to our case takes the form

be a unit normal vector field on (M) and F C M be a domain with

S (Volg) = [ (IFNI = (Bicl) +1135]))av e,
&(F)
where V- means the covariant derivative in the normal bundle of {(M), J/%\Z/C(N ) is the
partial Ricci curvature and S is the shape operator of £(M).

In the case of compact orientable M and totally geodesic £(M) the formula takes a
simpler form, namely

§* Vol = / > (WgNH? — w2f((éi,ﬁ)) dVole.
ey =
Finally remark, that
dVolg = \/det(I + ALAg) dV := L'/?aV,

where dV is the volume element of the base manifold. That is why one can rewrite the
formula of the second variation as follows

52V ol = / S (VAN w2 e, m)) LY2av. 3)
M =1

In the next sections we simplify this formula in application to three-dimensional Lie
groups with the left-invariant metric.

2 Three-dimensional unimodular Lie groups with the left-
invariant metric.

Let £ be a unit left-invariant vector field on the three-dimensional Lie group G with
the left-invariant Riemannian metric. The group G is unimodular if and only if there is
a discrete subgroup I' acting on G by left translations free and properly discontinuous
such that the left quotient I'\G is compact [15]. The I'\G is a compact Riemannian



manifold with the same curvature properties as G. The descended unit vector field has
the same properties concerning minimality, harmonicity etc. as the one on G [14].

For each three-dimensional unimodular Lie group G, there is an orthonormal frame
e1, ez, ez such that [15]

le2,e3] = Aie1, [e3,e1] = Agea, [e1, e2] = Azes. (4)

We will refer to this frame as to the canonical one. This frame consists of eigenvectors
of the Ricci curvature operator. Each frame vector field is the Killing one and hence
geodesic. The Levi-Civita connection coefficients on G can be easily find, namely u; =
%()\1%—)\2%—)\3)—)\1-, and the frame covariant derivatives takes the form V. e, = p; e; xe.
It is also well-known that the principal Ricci curvatures are p; = 2pju, and the basic
sectional curvatures are k;j := g(R(e;, €;)e;,e;) = 3(pi + pj — pr), where 4, j, k are all
different.

The constants A1, A2, A3 define the topological structure of G in the following sense:

Signs of A1, A2, A3 Associated Lie group
4 SO(3)
+,+, = SL(2,R)
+,+.,0 E(2)
+,0,— E(1,1)
+,0,0 Nil? (Heisenberg group)
0,0,0 R®RPR

The class of left-invariant totally geodesic unit vector fields on three-dimensional uni-
modular Lie group G can be described as the eigenvectors of the Ricci operator asso-
ciated with the eigenvalue 2, if exists [21]. Namely,

pr|p2|ps| | p2| w3 £
0010 0 0 0 S
0] 01]0]#0 0 0 || zeq, costes +sintes
0010 0| +#0 0 || e, costeq +sintes
0] 010 0 0| #0 | *xes, coste; +sintes
2 +eq

2 +ey

2 +es

21 2 coste; +sintes
2 2 coste; +sintes

2 1 2 costes +sintes
212 |2 S




where S stands for vector fields of the form £ = cost cos se; +costsin s eg+sint eg with
arbitrary fixed parameters t and s . The detailed analysis of the table above yields the
following result [21].

Theorem 2.1 Let G be three-dimensional unimodular Lie group with the left-invariant
metric. Let {e;, i = 1,2,3} be the canonical frame of its Lie algebra. Set for definiteness
A1 > Ao > A3. Then the totally geodesic left-invariant unit vector fields on (compact
quotient of ) G are the following:

’ G orI'\G ‘ Conditions on A1, A2, A3 ‘ £ ‘
SO(3) AM=X=A3=2 S
M= =A>A3=2 +es
AM=X=A>2>X\3=\A—V\2 -4 coste; +sintesy
AM=2>X=XA3=A>0 +eq
M=AF+ VA2 —4d> A== )3 >2 costeg +sintes
M > >A3>0, A — (= \)?=4] Len (i,k,m=1,2,3)
SL(Q,R) )\% — ()\1 — )\2)2 =4 :‘:63
N — (N2 —N3)? =4 +eq
E(Z) AM=X>0 A3=0 +es, coste; + sinteo
)\%—A%=4,)\1>)\2>0, )\3:0 +eq
E(1,1) M —-A=4,2>0X =0, \3<0 +eg
)\%*)\324, AM>0,2=0, A3<0 +eq
Nil3 AM=2 X=0X3=0 +e;
R®PRDR AM=X=X3=0 S

where S stands for vector fields of the form & = costcos s e+ costsin s eg+sint eg with
arbitrary fired parameters t and s.

For any left invariant vector field £ = x1e1 + x2e2 + x3e3 we have V¢, & = pie; x §
and as a consequence, with respect to the canonical frame, we have
0 — 23 HU3T2
AE = H1T3 0 —H3T1 (5)
—H1T2  p2T1 0
To calculate the integrand in (3), we need some Lemmas.
Lemma 2.1 Let £ := ey, be a totally geodesic left-invariant unit vector field on (com-

pact quotient of ) unimodular three-dimensional Lie group G with left-invariant metric.
Then the normal bundle connection coefficients of £(G) with respect to framing (1) are

i 1 .
Tjis = ~kigdsm (0. <) #m),
where k;; means the sectional curvature of G along e; A e;.

Proof. We will conduct the proof for £ = e3. Observe that since £ is supposed totally
geodesic, the principal Ricci curvature ps = 2 and hence e = % p3 = 1. From (5) we
get

0 —p2 O 0 m O pi 00
Ae=| 0 0 ), Ag=| —p2 0 0 |, AfAe=| 0 p3 0
0 0 0 0 0 0 0 0 0



Hence, the e1, es can be taken as the vectors of singular frame. Since
Acer = piea,  Agea = —pogeq,

we may put o1 = p1, o2 = p2 and take f; = ey, fo = —ey1. Then the framing (2) takes
the form

. 1 h P v 1 h 2 v h
€1 = (mﬁ) - (m@) ,€2 = (m@) +<1+M%€1> ;€3 = (e3)
(6)
ny = (Lel)h + <#eg)v, Ny = (L@)h — (#ely. (7)
Vi+ug VARST VARST VARST
Recall, that 7;'\5 = g(%sﬁj, n;) and in our case we only need to calculate ’y%ls. To do
this we use Kowalski-type formulas from [2], namely

V¥ = (Vx¥)P = L(R(X, V)&, VynYtan = (VxY)iem + L(R(E, V)X,
Vxtan Y = L(R(E, X)Y)", V xtan Y10 = —g(Y, £) Xton,
Then
6 Y]’L YtaTL _
xhgxgen (V1" +Y2") =
1 1 h 1 tan
(Vx, Y1+ S RU(E Y2) X1 + 5R(§,X2)Y1> + <VX1Y2 - 5 R(X1, Y1)E — g(Yz,é’)X2>

Straight forward calculations show that the curvature tensor components are of the
form

e1 e e3
R(ey,e2)e | —kizea | kizes 0

R(ey,e3)e | —kize3 0 kizer
R(ea,e3)e 0 —koses | koges

where ki; = 3(pi + pj — pm) (i # j # m # i) are basic sectional curvatures.
Using this formulas, we obtain easily Vs, 1y = ((*)e3)!" = 0, Vg,iy = (x)el and
hence ’yfll = :yfp = 0. Finaly,

ko 12p3 — ki3,

———ey — - —F——¢
Vit t o2 Jieg !

~ 1
Végnl = 5
As pipo = 1, we can simplify

2p3 — pakiz 23 — g (pape + pops — paps)  2p3 — (pa + p3 — pips)

V1+ud V1+ui V1+ui

ps o+ pips — o pops+paps — pops ki
V1t pon/1+ 113 Vit+p3'
ki pokio

Vit i+ad



So, we have
Veyin = 574312732
and hence ’?%‘3 = %klg. For the cases of £ = e; and £ = e the calculations are similar.
"
S no .
The partial Ricci curvature Ric(N) = w? > K(&;,7), where & are the vectors of
i=1
orthonormal frame tangent to {(M), can be calculated by using the formula for the
sectional curvature of TyM. Namely, if X = XJ' + X1 and Y = Y{* + YJ" are
orthonormal, then [6]:

P 3

K(X,Y) = (R(X1,Y1)Y3, X1) = J[[R(X1, V)¢ "+

1

JIREY2) X0 + R(&, X5)Y1|* + 3(R(X1, Y1)V, X3) — (R(E, X3) X1, R(€, ) Y1)+

2
IXEIP Y2 1* = (X2, Y5)" + (Vx R)(E Y)Y, X1) + (Vi R) (& X5) X1, Vi), (8)

where X, = Xo — g(X2,8)&, Yy = Yo — g(Y2,£)E, R and V are the curvature tensor and
Riemannian connection of the base manifold (M, g) respectively.

So, to find the partial Ricci curvature of {(G), we need the covariant derivatives of
the curvature tensor. One can find them by standard calculations.

Lemma 2.2 Let (eq, ez, e3) be the canonical left-invariant frame on (compact quotient
of ) three-dimensional unimodular Lie group with the left-invariant metric. Then the
covariant derivatives of the curvature tensor are of he form

(VeR)(e1,e2)e1 | (VeR)(e1,e2)e2 | (VoR)(e1,€2)e3
er | m(ps— p2les 0 —p1(ps — p2er
e 0 p2(p3 — pr)es | —p2(ps — pr)ez
es 0 0 0

(VeR)(e1,e3)e1 | (VeR)(e1,e3)ea | (VeR)(e1,e3)e3
er | p(ps —p2lea | —pi(ps — p2)er 0
€9 0 0 0
€3 0 ps(p2 — p1)es | —ps(p2 — p1)ez

(VeR)(e2,e3)e1 | (VeR)(e2,e3)ea | (VaR)(e2,€3)e3
el 0 0 0
ez | p2(ps —pr)ez | —p2(ps — pr)er 0
es | pa(p2 —pr)es 0 —p3(p2 — pr)e

where p; are the principal Ricci curvatures and p; are the connection coefficients.




Now we can calculate the partial Ricci curvature with respect to arbitrary normal vector
field for totally geodesic £(G).

Lemma 2.3 Let § = ey, be a totally geodesic unit vector field on (compact quotient of)
three-dimensional unimodular Lie group G with the left-invariant metric. The partial
Ricci curvature of £(G) with respect to arbitrary normal vector field N = hin; + hjn;

(i #j#m#1i)is of the form
SYIVEY 1 2, 12 p? 2 PN 2
Ric(N) = phig(h? + h3) + (1- Z)hi +(1- Z@)hj
where ki; is a basic e; Nej sectional curvature and p; are the principal Ricci curvatures.

Proof. We will conduct the proof for £ = es, since the other cases are similar. Take
the {(G) tangent and normal framing according to (6) and (7). Then the arbitrary
normal vector field N can be expressed by

h v
- hypq hapig ho hy
N = + | - e; + €2
(x/lw% Vits Vitps I+
Observe that if X is of unit length and orthogonal to Y, then [Y|?K(X,Y) could be

calculated by (8) assuming that Y7 and Y5 are the components of the non-normalized
vector. Keeping this, put

h h h h
1M1 2042 Y, — — 2 1 + 1 ey,

+ )
Vit irm e T Virg ! Vit

To calculate K'( €1, N), put

Y =

1 —H1
Xi=—¢ Xo = ————e9.
V1+ui V14 u
The calculations with MAPLE yield:

 MRps s — g
2

2

k12 )
R(X1,Y1)V1, X N _
< ( 1,11 12 1> +/’L%)<1+M%) 2#1”2:1 /’(‘1(1—’_/11%)2
IIR(X1, Y1)E|12 = 0,

2 p1pe=1 (1+ M%)2 z

(k13 + papokas)? o

2 _
HR(&}/?)Xl"i_R(&XQ)YlH - (1+N1)(1+N2)

p1pizki 9 pa(pdps + ps — p) 5o
R(X1,Y1)Ys, Xo) = — h S h2,
< ( 1 1) 2 2> (1+M%)(1+P’%) 2 i pia=1 (1+M%)2 2
(R(&, X2) X1, R(¢, Y2)Y1) = 0,
1l Yal? — (Xa, Ya)? = it 2 _ M o
’ L+ D)+ pd) Plupe=t (14 p3)? 2
p3(p2—p3) o 203 (ppz — 1)
Vx, R)(E Y)Y, X)) = h — SIS — D)2
<( X1 )(f 2) 1 1> 2(1+M%)(1+N%) 2 s =211 pra=1 (1"’_/1'%)2 2
2
wsp3(p1 —p3) o 2(p1 — p3) 9
Vy, R)(£, X2)X1,Y1) = — h _ A\ T HB) g2
<( Y1 )(§ 2) 1 1> 2(1+u%)<1+ug) 2 pa=2,111 pra=1 M1(1+M%>2 2

9



After substitution into (8), we get
NPR (60, 8) = (1— Jp)h}.
After similar calculations, one can find
R (e ) =0 SoIE

IN[2K (&3, N) = k (h%+h§)+(%——)h <&——)h2

It follows then
L 1 2 2
Ric(N) = 7k3(h? + h3) + ( - %)hf n ( - %)h%,

which completes the proof.

The following Lemma is the principal one.

Lemma 2.4 Let £ = e,, be a totaly geodesic left-invariant unit vector field on three-
dimensional non-flat compact quotient of unimodular Lie group with the left-invariant
metric. Then the integrand in the second volume variation formula (3) can be reduced
to

€i(hi)2 2]431“ (¥4 (h )
w h,h) := - J i hl (s J
(1) i= [T = 5 Leilides (O Dt et
2 00 LD )P (213 (210
1+ p? A V)T 1+ 2 Em i) T Emi 4 i i |1 Amls

(9)

where i # j # m # i, p; and p; are the principal Ricci curvatures, k;; are the basic
sectional curvatures of G and h; are the variation functions.

Proof. We will conduct the calculations for the case m = 3. First of all observe, that
¢ = ey, is the unit Ricci eigenvector of eigenvalue ps = 2, which means that pjpus =1
and hence

L =det(I + AfAe) = 14 15 + 3 + pips = 2+ 113 + p3 = (1 + p2)” = A3

Therefore, dVol¢ is a constant multiple of dV, namely dVol¢ = |A3]dV. Take the £(G)
tangent and normal framing according to (6) and (7). Put N = hifiy + hofia. To
calculate |Vé‘l N |2, observe that

Vi N = ((Ve,N, 1)) iy + ((Ve, N, fi2)) fig = &(ha)iiy + &;(ha)fio+
ha((Ve,ita, fin)) in + b1 (Ve fin, i2)) g = &i(ha)in + €i(ha)ia + ha¥y) i + )i

By Lemma 2.1, we have

Vz N = éi(h)in + é1(ha)ia, Vi N = é(hi)iis + éa(ha)no,

10



o 1 .. 1 )
VéLBN = (63(h1) — §k12h2>n1 + (63(h2) + §k12h1)n2.

Therefore

3 3
~ N 5 - 5 1
STIVENIP =) (ei(hl)Z + ei(h2)2> + k12(E3(ha)hy — &3(h1)h2) + Zk:fQ(h% + h2).
i=1 1

1=

Since h; are the functions on the base manifold, we have é,(h,) = \/iTgea(hg) and
és(hy) = es(hy), where (a,0 = 1,2) . Hence,

: =L A)2 : 1 2 2

DoIVENI = 3 o (ealin)® + eatha)®) +

1
es(h1)? + e3(ha)® + k12 (es(ha)h1 — e3(h1)ho) + Zk@(h? + h3).

Since G is compact, by the divergence theorem

/ div(X)dV =0
G
for any vector field X. For X = hjhses, we have

di’l)(htheg) = g(grad(hlhg), 63) = €3<h1)h2 + 63(h2)h1
and hence
/ (eg(hQ)hl - eg(hl)h2>dV - 2/63(h2)h1dV.
G G
Analyzing the Table in the Theorem 2.1 one can observe, that all cases (except F(2)

and T2 with flat metric) the totaly geodesic e; corresponds to \; # 0. Therefore, we
can continue as

2
2 / eg(hg)hldvz )\?)/[61,62](]12)}“(“/.
G/T G

Expand

hile1, e2](h2) = hiei(e2(hz2)) — hiez(e1(h2)) =
e1(hiez(hz)) — e1(h1)ea(ha) — ea(hier(hz)) + ea(h1)er(he).
Since G is compact and boundaryless, after applying the Stokes formula we get

/(eg(hQ)hl — ex(hn)ha ) dV = i/(GQ(hl)el(hQ)—el(hl)@(hg))dv.

G G
Hence,

3
S h1)? 2k hg)?
Z|]VéN||2dV0l§:/(el( 1)2 _ﬁel(hl)@(hz)ﬁ“ 2)2 +

i— 1+ py A3 1+ ps

g@) =1 G

e1(h2)? 2k eol(hi)? 1

1112)2 +T;2e1(h2)eg(h1)+ fi L)Q +63(h1)2+63(h2)2+Zk%(h%—kh%))])\g\dv
1 2

11



Taking into account the result of Lemma 2.3, we obtain

h )2 2k12 62(h2)2
PVole = [ (U 2R e (h
olg /<1+M% N e1(h1)ea( 2)+1+M%+

61(h2)2 2k12
——e1(h h
1_’_”%%- e e1(ha)ea(h1)+

62(h1)2+e (h1)?+es(h )2+(p—%— )h2+(pj— )hQ)y)\ |dV.
1+ M% 3\ 3\/42 4 1 4 2 3 .
The other cases can be treated in a similar way.

n

Remark 1 It is worthwhile to mention that if 1 = ps = s =1, then p; = ps = p3 =
2 and the integrand (9) up to multiple 2 is the same as in [11] obtained for the Hopf
vector field on S3(1). In this case we deal with SO(3) of constant curvature +1 which
is isometric to S3(1). The left-invariant unit vector field corresponds the Hopf vector
field on S3(1). So we can conclude that in this case the second variation of volume with
respect to the field variation is equal to a half of classical second variation of volume.
Therefore, the Hopf vector field is stable with respect to both types of variations. The
stability the Hopf vector field with respect to the field variations was proved in [11] and
in [18] for the classical treatment.

From Lemma 2.4 we immediately conclude the following.

Theorem 2.2 Let £ be left-invariant unit vector field on compact quotient of non-flat
three-dimensional unimodular Lie group G with left-invariant metric. Then £&(T\G) is
stable totally geodesic submanifold in Ty(T\G) if and only if G = SO(3) of constant
curvature +1 and € is arbitrary left-invariant.

Proof. Let £ = e, be totally geodesic. Then p,,, = 2 and to be left-invariant stable,
the other Ricci curvatures must satisfy

lpil > 2 orequivalently, |ump;| >1

and
lpj| > 2 or,equivalently, |piptm| > 1.

To be generally stable, both quadratic expressions involving derivatives must be posi-
tively semi-definite. The latter condition is equivalent to

k% 1
VIR 2 2)°
A T (U4 ) (1 4 45)

Since pp, = 2pu;p; = 2, we have (1 + u?)(1 +u?) = (2+ p? —i—,u?) = (i +p5)% = A2,. As
a result, |k;;| < 1. Observe that kij = ftiftm + ftmit; — 1 and hence the equality |k;;| <1
is equivalent to

2
0 < (s +p5) <2 or Og'u—m(l—k,u?)SQ or Og’u—m< 5.

i pi 1+
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Evidently, all connection coefficients have to be of the same sign. Therefore, the classical
stability take place if

2
s > 1, B> o< B o

i pi 14

The system is compatible if and only if yu; = po = pu3 = £1. Taking into account the
signs of \;, we obtain a unique solution g1 = pe = us = 1 which means that the base
manifold is SO(3) of constant curvature +1 and hence £ is arbitrary left-invariant.

If the system is inconsistent, then the totally geodesic submanifold £(G) is unstable.
Indeed, if say p; < 2, then in the case of compact quotient one can take h; = 0, hy, =0
and hj = const # 0 and we get W (h, h) < 0 over whole compact quotient. If p; > 2 and
p;j > 2 but |k;;| > 1, then both quadratic expressions that involve derivatives of h; and
hj in W (h, h) are not positively semi-definite. By taking hz = 0 and hy, hy sufficiently
small with derivatives making the quadratic expressions negative, we obtain negative
W (h,h) at least over some domain F' C I'\G.

L]

The proof of Lemma 2.4 essentially uses non-flatness of the group. If the group is
flat, then the second classical variation of volume for the unit vector field with totally
geodesic image is much simpler.

Theorem 2.3 Let £ is a unit vector field on compact quotient of flat three-dimensional
unimodular Lie group G with the left-invariant metric. Then

o if G = E(2) and & is a parallel unit vector field on E(2), then £&(I'\G) is stable
totally geodesic submanifold;

o if G = E(2) and £ is in integrable distribution orthogonal to the parallel vector
field on E(2), then £(I'\G) is unstable totally geodesic submanifold;

e if G = R® R R and is arbitrary left-invariant, then £(T2) is stable totally
geodesic submanifold.

Proof. We have flat E(2) if \; = Ao = a > A3 = 0. In this case 3 = 0,2 =0, u3 = a
and p; = p2 = p3 = 0. The field { = e3 is the field of unit normals of the integrable
orthogonal distribution &-. In this case Ric(N) = 0 and we have £(G) stable totally
geodesic submanifold in T7G.

As concerns the field £ = coste; + sintes, rotating the frame in e; A ey plane we
may always put £ = e; without loss of generality. Then

00 0 0 0 0
Ae=1 00 —a |, A=|0 0 0
00 0 0 —a 0

h h ~ h
€1 =¢€}, éy=¢y, é3= (e3 + aey).

1
V1 + a?

13



The normal frame on &(G) consists of

1 h
Ny = ———(—aey +€5), Tz =e5.
2 m( 3 2) 3 3
For the field of normal variation N = hong + hgng, we have
2
BN a 2
R’LC(N) = mhg

The normal connection of £(G) is flat and hence, by choosing the variation with constant

h1 and hg, we get
2

82V olg = —liia?h%Vol(G),

which means that {(G) is ustable totally geodesic submanifold in T} G.
In the case of R@® R @ R the compact quotient is flat torus 7. Each left-invariant
field is parallel and therefore, the £(T3) is stable totally geodesic submanifold.
n
Considering the field of normal variation of £(G) for £ = e3, namely,

h v
- hpq hapiz ho hi
N = e1+ ea|] + |- e; + €2
(x/lﬂﬁ V1t Vitps I+
one can observe that this field generates two variations of the field ¢ in a meaning of

[11], namely

Zi = m(N) = hip o1+ hapo e  h o+ hy
— 1. (N) = :
Vitui o V1+3 Vitws 1+

If hy and ho are non-constant, then these variations exclude £(G) from the class of
submanifolds in 771G, generated by the left invariant unit vector fields. This fact justifies
the following definition.

Zy = K(N) =

€9.

Definition 2.1 Let § be left-invariant unit vector field on Lie group G with the left-
invariant metric. The normal variation vector field N on {(G) C TAG is called left-

invariant, if Zy = 1.(N) Zy = K(N) are left-invariant vector fields on G.

If we restrict the variations to the left-invariant ones, we obtain a wider class of
classically stable totally geodesic unit vector fields.

Theorem 2.4 Let G be three-dimensional unimodular Lie group with the left-invariant
metric. Let (e1,eq,es) is the canonical frame of its Lie algebra. Set for definiteness
A1 > A9 > A3. Then stable or unstable with respect to left-invariant variations totally
geodesic submanifolds generated by unit left-invariant vector field & on compact quotient
of G are the following.

14



G or T\G | Ricci principal curvatures 19 left-invariant
stability or
instability

SO(3) pL=p2 =p3 =2 S stable

p1L=p2>p3=2 +es stable
pL=p2=2>p3 costey +sintey | unstable
pP1L=2> py=p3 +eq unstable
p1 > p2 = p3 =2 costey +sintes | stable
pP1L=2>pa > p3 +eq unstable
p1 > p2 =2 > ps3 +eq unstable
p1L > p2>p3=2 +es stable

\SL(2,R) | p3=2>—2>py > p1 +es3 unstable

p1=2>—2> py > p3 +e stable

ME(?2) p1=p2=p3 =0, +eg, stable

w1 =2 =0,u3 >0 coste; +sintey | unstable
pPL=2>p3 > py=—2 +e unstable

ME[,1) p3=2>p1=—-2>p *es stable

PL=2>py=—22>p3 +eq stable

I\ Nil? P1L=2>py=p3=—2 +eq stable

T3 p1=p2=p3=0, S stable

p1 = pg = pz =0

where S stands for arbitrary left-invariant unit vector field of the form & = costcos se;+
costsinses + sintes with fized parameters t and s.

Proof. If one take the left-invariant variations, then (9) takes the form

2
pj i

W (h,h) = (5 —1)h§+(4 —1)h?

J

end hence if
min(|pil, |p;l) = pm =2 (i #j #m #1)

then £ = e, generates stable totally geodesic subnanifold. If p; < 2 or p; < 2 then
choosing h; # 0 or h; # 0 we get W (h, h) < 0 which means that the submanifold £(G)
is unstable.

Below, we check all unimodular three-dimensional Lie groups with left-invariant
metric and corresponding totally geodesic unit vector fields on left-invariant stability
or instability.

e The group SO(3).

1. A1 = A2 = A3 = 2. Here ¢ is arbitrary unit left-invariant and £(G) is classically
stable totally geodesic submanifold in 771G by Theorem 2.2.

2. Put A\ = Ao =246, A3 = 2. Here £ = e3. Since
p1=2(1+06)=p2=2(1+6) > p3 =2,

£(Q) is left-invariant stable totally geodesic submanifold in 71G.

15



3. Put A\ = Xy =2+4¢,A3=2+4¢ — /e(e +4) > 0. Rotating the frame in e; A ez
plane, we can always put £ = e;.

The connection coefficients are

e—+e(e+4)

e(e+4) e+ e(e+4)
5 e N S

6_
p=1+ spe =1+

The principal Ricci curvatures are

1 2
pl:2702:27P3:§(2+€—\/€(€+4)> .

We have p; = py = 2 > p3 > 0 and W(h,h) = (p2/4 — 1)h3 < 0 for hy # 0.
Hence, (@) is unstable totally geodesic submanifold in 77G.

4. Put A1 =2, A0 =X3=2—¢,0< e < 2. Here £ = e;. The connection coefficients
and the Ricci principal curvatures are

pr=1—¢,u2=1pu3=1; p1=2,p2=2(1—¢),p3=2(1 —e).

We have p; = 2 > py = p3 > —2 and hence p3 = p2 < 4. Therefore, £(G) is
unstable totally geodesic submanifold in 71G.

5. Put Ay = e + V4 +¢e2, X = V4d+e2, X3 = V4 + 2 In this case £ = costes +

sintes. Rotating the frame, we may put £ = e3. Then

e24+4—¢ Vel 4d4e
N 2

Hl:f’ K2 = K3 =1/,

The principal Ricci curvatures are
pr=2+e(Ve2+4d+e)>pr=p3=2
and hence £(G) is left-invariant stable totally geodesic submanifold in 771G

6. A\ > Ao > A3 > 0, A%—(Ai—)\kﬁ = 4. Denote \g — A3 =9 > 0,)\1—>\2 =e>0.
Then A1 — A3 = ¢ + 6. Here we have 3 distinct cases.

(i) A2 = (A2 — A3)2+4, £ =e;. Then

M=V4+02, =V4+62—-ec>0, 3=V4+062—c—-6>0.

The connection coefficients are

VoZ+4- VoZ+4—6 VoZ+4+6
Mlzf—& MQny MSZf-

The principal Ricci curvatures are

P=2>p=2—c(/2+4+8)>ps=2—(c+08)(V2+4-6) > 2.

and we obtain unstable totally geodesic submanifold in in T7G.

16



(ii) M3 = (\1 — A3)? +4, £ = e2. Then

M=V4+(E+0)2+e, M=v44+(E+)? =4+ (E+0)?-5>0

The connection coefficients are

(e4+0)24+4—(e+9) V(e +0)P+44e—0
2 ) /"62_ 2 )

V(e 0)2+44e+0
B 2

The principal Ricci curvatures are

,01:2+E(\/(E+5)2+4—|—€+5),p2:2,/)3:2—5( (€+5)2+4—(5+5)>.

H1 =

H3

Here p1 > p2 = 2 > p3 > —2 and we obtain unstable totally geodesic submani-
fold in in T7G.

(iii) A2 = (A1 — X\2)2 +4, £ = e3. Then

M=Vad+e2+e+d, M=Via+e2+0d, =vV4+e2

The connection coeflicients are

e24+4—¢ e24+4+¢ Ve2+4+¢
M=y sy = =0

The principal Ricci curvatures are

pr=24+(+0)(Ve2+d+e)>p=24+0(Ve2+4—¢)>p3=2

and we obtain left-invariant stable totally geodesic submanifold in in T1G.

e The group SL(2, R). Here we have { = ez or £ = e;.

1.

In the case & = e3 we have A% — (N — )\2)2 =4. Put \{ — Ay = ¢ > 0. Then
A3 =—V4+e2 Ay =a>0,\; =a+e. The connection coefficients are

Vez+4d+4¢ e24+4—¢ e2+4+4¢

= = — :]_ =
M1 5 2 B) /,uh Uz =a+ 5

The principal Ricci curvatures are
pr=-2—a(vVel+4d—e),pa=-2—(a+e)(Vd+e>+e),p3=2.
Observe that p3 = 2 > p; > pa, but ps < p; < —2. Therefore, p3 > p? > 4 and

hence (p3/4 — 1)h3 + (p3/4 — 1)h3 > 0. So we have £(G) left-invariant stable
totally geodesic submanifold in in T7G.
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2. In the case £ = e; we have A2 —(A\y—\3)? = 4. Put \3 = —a (a > 0), A2 = A\3+e =
e—a>0,\ =+vV4+¢e2. (Observe, that \ — Ay = VeZ+4—c+a>—A3=a).
Besides, A1 > \a. Therefore vVe2 +4>¢—a > 0.

The connection coefficients are

e24+4—¢ e24+4—¢ _Vel4d4e
N 2

1= —0— ——F—— flg=——(—\ i3 = 1/p2.

2 2

The principal Ricci curvatures are
p1=2, pp=-2—a(Vel+4+e), ps=-2+4(—a)(VeZ+4—e).

Observe, that ps < —2 but —2 < p3 < 2. Indeed, € — a < V&2 + 4 and hence

(e—a)(Ve2+4—e) < Vel +4A(Ve2 +4—e)=d—e(V/e2+4—¢) < 4.
Therefore the £(G) is unstable totally geodesic submanifold in in 71G.

e The group E(2). The flat case was considered in Theorem 2.3. Consider the case
)\%—)\% =4, A\ >0, >0and £ =e;. Put \y = \/4+a2,)\2 =a >0, \3 =0. Then

Vit —a Vit —a Vit +a
m=—————F " M=———"F"" ,11,3:7:1/#2
2 2 2
and
p1=2,p2=-2,p3=—-2+4+a(\/4+a?—a).
So we have

pL=2>p3>py=-2, p3<4

and hence (p3/4 — 1)h3 < 0 for hy # 0. Therefore, £(G) is unstable totally geodesic
submanifold in T71G.
e The group E(1,1). Here again we have 2 options.

1. Consider A3 — A2 =4, \; > 0,A\2 = 0,\3 < 0. The field here is £ = e3. Put
Al =a, A\3 = —+va? + 4. Then

_a+va*+4 a++va?+4 a—+va*+4

= = = = ]_
7 5 143 5 12 5 /1

and the principal Ricci curvatures are

1
pr=-2 p3=2 p=—=(a+Va®+4)>=-2—ala+V4i+a).

2
Evidently, p3 =2 > p; = —2 > ps but p2 > p? = 4. Therefore,
(p3/4 —1)hi 20

and we have left-invariant stable totally geodesic submanifold in 71G.
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2. Consider )\% - )\§ =4, A1 > 0, = 0,3 < 0. In this case £ = e;. Put
A1 :\/a2+4, A3 = —a < 0. Then

a+Va*+4 _Val+4d—a

M1 = 9 2 5 M3

_Va’+4+a
=

= 1/p2
and the principal Ricci curvatures are

2

1
p=2 p=—glatvae+d)’=-2-alat+va’+4), py=-2

Observe, that py =2 > p3 = —2 > py but p3 > p3 = 4. Therefore,
(p3/4— 1)k = 0
and we have left-invariant stable totally geodesic submanifold in 71G.

e The group Nil?. In this case A = 2, A3 = 0, A3 = 0 and the field £ = e;. It is
easy to calculate
,U/lz_la /,62:1, /,63:1:1//.,02,

pr=2, p2=-2, p3=—2

and observe, that py = 2 > py = p3 = —2. Therefore, we have £(G) left-invariant
stable totally geodesic submanifold in T1G.
e The flat torus 72 was considered in Theorem 2.3.
L]

Remark 2 The results of Theorem 2.4 that concern instability correlate with insta-
bility results from [14], where the the second variation of volume was calculated with
respect to the field variations and the variation field was chosen with constant variation
functions, i.e. left-invariant in our terminology.

Summarizing the results of the Theorem 2.4, we can observe that (G) is stable
with respect to left-invariant variations totally geodesic unit vector field if and only if £
is the unit eigenvector of the Ricci operator which corresponds to minimal in absolute
value principal Ricci curvature p = 2.

3 Non-unimodular groups.

If G is three-dimensional non-unimodular Lie group with the left-invariant metric, then
there is the left-invariant orthonormal frame (e, ea, €3) such that

le1,e2] = aveg + Bes, [e1,e3] = —Fea+des, [e2,e3] =0,

where a, 8 and § ar all constant satisfying o > §,a > —§. Let us call this frame by
canonical one.

The non-unimodular group is not compact and does not admit a compact factor
[15]. That is why one should consider the formula (3) over each domain F' C G with
compact closeur. We say that the {(G) is unstable minimal/totally geodesic unit vector
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field if there is a domain F' C G with compact closeur such that the second variation
§2Vole(F) < 0.

The author described the groups which admit the totally geodesic left-invariant
vector fields and the field themselves [21]. Here we complement the theorem with
stability property as follows.

Theorem 3.1 Let G be three-dimensional non-unimodular Lie group with the left-
invariant metric Let £ be left-invariant unit vector field on G and (e1, ea, e3) the canon-
ical ortonormal frame of its Lie algebra. Suppose {(G) C ThG is totally geodesic. Then

e 3=06=0 and £ = e3 is a parallel unit vector field; the £(G) is stable totally
geodesic submanifold in T1G;

e ad = —1,08==1 and £ is of the form

J6] «
e + €s;
V1+a? ? V1+a? ’

the £(G) is unstable totally geodesic submanifold in T1G;.

&=

Proof. As it was proved in [21], if = § = 0, then £ = e3 is a field of unit normals
of some totally geodesic 2-foliation on G and A¢ = —VE& = 0. Hence, in (8) all the
terms with £ turn into zero. The (1) implies that £(G) is horizontal while its field of
normals is vertical. Therefore, Xo = K(X) =0 and Z; = m.(N) = 0. The (8) implies

Ric(N) = 0.

Therefore, W(h,h) > 0 and hence £(G) is stable.
Consider the case

J6] o
ad = —1,8 = +1, = es + es.
g . itz 2 Vita? ®
Observe, that the conditions o > 6, > —¢ and ad = —1 imply « > 1. For such a
vector field we have
x1 =0, xQZL . (10)

) 3 .
V1+ a2 V14+a2

The table of covariant derivatives is

\V4 €1 €9 €3
e1 0 Bes | —Bea
er | —aey | aep 0
€3 0%63 0 —0%61
Then
0 —QT9 0%1:3 0 Bxrs —0xo
Ac=| PBuas 0 0 , A= —az 0 0
—Bx2 0 0 i.TC3 0 0

«
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and

1 0 0
t _ 2 —ap
A£A€ - 0 1?—1042 T+a?
0 225
1+a2 14a?2

Therefore, the singular values of A¢ are 0 and 1. The corresponding singular frames
are

Sozfa §1=¢€1, 382 \/_157_52 ez + \/1_1_0‘263;
Ji=Ac(s1) = ffoﬂ e2— e, fo=Ag(s2) = en.
Hence, the tangent and normal orthonormal framing of £(G) is given by (2) as follows

€ = gha

]
L7 a6l — vt~ va\VitaZ 27 Vita

s &x(s2) _ 1 ([ —ap

€27 el T x/i(\/lJraQ ezt \/1+ 2 ) €1
s w(f) _ 1 h, 1 (_aB 1 v

MZ ] T vzt ﬁ(\/H—aQ €2~ Jqaz €3> ’

h
= wv(f) _ 1 ([ —ap 1 1 v
o= i = G e + vk es) +gpek

To calculate the partial Ricci curvature for £(G) by (8), we need the components of the
Riemannian tensor of G with respect to the canonical frame [21].

e1 € €3
R(e1,e0)e | aZey — (o —6)es —a?e; Bla —d)ey
R(ei,e3)e | —B(a —6)ea+d%e3 | Bla —6)ey —62¢
R(eg,e3)e 0 ades —adey

The derivatives of the curvature tensor need routine calculations which can be con-
ducted with MAPLE.

(VeR)(e1,€2)e1 (VeR)(e1,€e2)e2 | (VoR)(e1,e2)e3
e1 | 20%(a —d)ea + B(a® = 6%)es | —20%(a —d)er | —B(a® = d%)er |
s 0 Ba(a —d)es | —Bala —d)ey |
es 0 ad(a —0d)es | —ad(a —0d)es
(VeR)(€1,€3)€1 (VeR)(e1,€3)ea | (VoR)(e1,€3)e3
e1 | Bla? —02)es — F(a — ez | —B(a?—d52)er | 28%(a —6)ey
€2 0 ad(a —0d)es | —ad(a —0d)es
es 0 —Bd(a —d)es | Bd(a —0)es
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(V.R)(eg, 63)61 (V.R)(eg, 63)62 (V.R)(eg, 63)63

el 0 0 0
e2 | afla —d)ea+ad(a —0d)es | —af(a —d)er | —ad(a —§)e;
ez | ad(a —d)ea —Fo(ax —d)es | —ad(a —d)er | Po(a —9d)ey

Take now the field of normal variation N = hyfi; + hafis. To calculate K (é1, N ), put

1 1 al 1
X —eq, Xo=—"F+———=e— ——c¢3),
! \/561 2 \/5( 1+a? 2 1+a? 3>
~ 1 ap 1
Y1 =71 (N) = —|hie; + ho(— + ’
1 =N \/i( e 2( 1—|—a262 1—|—a2€3)>
~ 1 af 1
Yo =K(N)=—(hgoe; +h e — es) ).
2= K(N) \/§<21 W ATar?” Vitar )

and apply (8). The MAPLE calculations yield

la*+a?2+1
<R(X1,}/1)}/1,X1> - _zThga HR(X17Y1)€H2 = 07
ab—at+3a2+1
Ys) X X))V = 2
”R(fa 2) 1—|—R(f, 2) lH a2(1+a2) 25

2
1 Xa |2 Y2? = (X2,Y2)" = 1h3,

— 4
la*4+a?2+1
(R(X1,Y1)Y2, X3) = ZTh%’ (R(&, X2) X1, R(E,Y2)Y1) =0,

lab—at+5a2-1 ,
4 a?(l+a?) z
1ab+10at +4a?+7 ,

(VviR)(§, X2) X1, Y1) = 1 w217 a?) h3.

<(VX1R)(£aY2)}/1,X1> = —

After substitution into (8) and the MAPLE algebraic transformations we get

_ o 1a%4+10at + 402+ 7
K(elaN):Z a2(1+a2)

2
hs.
In a similar way,

- - 15a®%—af+3a*+13a2-8 , a¥+2at+1

- 2
K(eQ’N)_Zl a?(l+ a?)? hi+ a?(l+a?)? ha,
_ < la*+14a?2-11, 13a*+2a%2-9 ,
K(60,N):Z (1+a2)2 171 (1+a2)2 h2'

As a result, the partial Ricci curvature of £(G) obtains the form

— - 15a%+17a*+2a2 -8 ,
RZC(N):Z 021 1 a?) hi+

15a8+8a6+20a4+20a2+11
4 a?(l+a?)?

h3.
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In this case we can not consider the left-invariant variations because of the boundary
conditions. Nevertheless, one can consider the left-invariant variation over a subdomain
Fy C F such that mes(F \ F1) < e for however small ¢. If the second left-invariant
variation over F} is negative and bounded away from zero, then by taking F} sufficiently
large we always can make 6%V olg(F) < 0.

If the variation field N is left-invariant, then

2 2
SOIVENIE = (D0(7)2) (hd + 1),
=0 1=0

where 32, = §(Ve, 71, 2) are the coefficients of the £(G) normal bundle connection with
respect to the chosen frame.
Calculating, we get

= 3 V2 ho V2 S

Ve ni = Zﬁ(ﬁa@ + 63) + 1—1—7042611)’ Ve np =0,

- _ 1 1 5 h lat+a?2-2
Ve,ni = iy (ﬂ(Qa —1)eg — aeg) — 57(%(1 a7 ey.

Now one can easily find

o a2, o 1v2(3a?-2)
%0_714—042’ 71 =0, 712_—1404 :

After substitution and MAPLE algebraic transformations, the left-invariant part of
integrand in (3) takes the form

la®—14a%+13a* - 2402 -20 5, 1a®+2a%+19at+ 1202 +18

W(h,h) = —= h
(h h) 8 a?(l+a?)? s a?(l+a?)?

h3.

The factor at hg is always negative and hence the submanifold £(G) is unstable. The
proof is complete.
L]

Closing observation. Analyzing the Remarks 1 and 2 one can conjecture that if
the horizontal and vertical projections of classical normal variation vector field are in &+,
then the classical stability or instability of minimal (or totally geodesic) submanifold
&(M) C Th'M is equivalent to stability or instability of the unit vector field in the
meaning of [11].
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